















English translation of the title is “Existence of anonradial solution to
an elliptic equation $\mathrm{i}\mathrm{t}\mathrm{h}$ the homogeneous Neumann condition”.
This is an expository note on the existence of aspiky solution to some
elliptic equation with the homogeneous Neumann condition. Aspiky solu-
tion is not raidally symmetric, however, we use several properties of radial
solutions to the same equation in the whole space. Most results are due to
W.-M. Ni and I. Takagi. None of the results here is due to the author.
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, , Neumann spiky












, $\Omega$ $\mathrm{R}^{n}$ , $\epsilon>0,$ $n\geq 3,1<p<$
$(n+2)/(n-2)$ . (1.1) Keller-Segel
Gierer-Meinhardt
system. (activator-inhibitor system) [5] .
$\epsilonarrow 0$ ,






Theorem 1.1 (Lin-Ni-Takagi [7], Ni-Takagi [9, 10]) $\epsilon>0$
, (1.1) least energy solution .
(i) .
(ii) .
(iii) , 0 .
(iv) , $\epsilon\downarrow 0$ .
Remark. Theorem 1.1 t $\Omega$ ,
. Dirichlet
(Gidas, Ni and Nirenberg [3]).
, moving plane method Neumann .
, least energy solution ? .
Theorem 1.1 least energy solution ,
.
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Theorem 12least energy $c_{\epsilon}$ $\epsilon\downarrow 0$
$c_{\epsilon}= \epsilon^{n}\{\frac{1}{2}I(w)-(n-1)H(P_{\epsilon})\gamma\epsilon+o(\epsilon)\}$ (1.3)
. , $P_{\epsilon}$ least energy solution
, $H(P_{\epsilon})$ , $w$
$\Delta w-w+w^{\mathrm{p}}=0$ in $\mathrm{R}^{n},$ $w>0,$ $warrow 0$ as $|x|arrow\infty$ . (1.4)
,
$I(w):= \frac{1}{2}\int_{\mathrm{R}^{n}}(|\nabla w|^{2}+w^{2})dx-\frac{1}{p+1}\int_{\mathrm{R}^{n}}|w|^{\mathrm{p}+1}dx$ ,
$\gamma:=\frac{1}{n+1}\int_{\mathrm{R}_{+}^{n}}(w’(|x|))^{2}x_{n}dx$
. [ , $\mathrm{R}_{+}^{n}:=\{x=(x’, x_{n})|x’=(x_{1}, \ldots, x_{n-1})\in \mathrm{R}^{n-1}, x_{n}>0\}$
.
Remark. (1.4) Strauss [13], Chen and Lin
[1], Kwong [6] . Gidas, Ni and Nirenberg [4]
. (1.3) , Theorem 1.1 (iii)
.
, $\epsilon\downarrow 0$ , $\epsilonarrow\infty$ .
.
Theorem 13 $\epsilon>0$ , (1.1) $u\equiv 1$ .
$u\equiv 1$ , . least ener solution








$B_{r}^{-}$ $:=$ $\{x\in B_{r}|x_{n}<0\}$ .
2
, Lin, Ni and Takagi [7], Ni and Takagi
$[9, 10]$ , .
Theorem 1.1 . (i) , $u^{2s-1}(s\geq 1)$
$\frac{2s-1}{s^{2}}\epsilon^{2}\int_{\Omega}|\nabla u^{s}|^{2}dx+\int_{\Omega}u^{2s}dx=\int_{\Omega}u^{2s-1+p}dx$
. Sobolev ( , $\Omega$
, cone property . ,
) ,
$( \int_{\Omega}u^{2ns/(n-2)}dx)^{(n-2)/n}\leq Ks\epsilon^{-2}\int_{\Omega}u^{2s-1+p}dx$
, $s$ iteration .
(ii) , 3steps . Step 1 , $P_{\epsilon}$
. $\epsilon$ .
, dist $(P_{\epsilon_{\mathrm{j}}}, \partial\Omega)/\epsilon_{j}arrow\infty$ .
, $v_{j}(z):=u_{\epsilon_{j}}(P_{\epsilon_{j}}+\epsilon_{j}z)$ . (1.4)
. , $c_{\epsilon}$
$c_{\epsilon_{j}}\geq\epsilon_{j}^{n}(I(w)-Ce^{-\mu R})$
($C>0,$ $\mu>0$ $j$ ) . , Theorem 12
,
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, $P_{0}$ , $\Omega$ $x_{n}>0$ . ,
diffeomorphic .
$.\psi\in C^{\infty}([-\delta, \delta])$ , $\psi(0)=0,$ $\psi’(0)=0$
(i) $\partial\Omega\cap U=\{(x’, \psi(|x’|))||x’|<\delta\}$ .
(ii) $\Omega\cap U=\{(x’, x_{n}))|x_{n}>\psi(|x’|)\}$
. $\psi$ $|x’|$ .
$\Phi_{j}(y):=\{$








(b) $\{y_{n}=0\}\cap V$ $\Omega$ ,
(c) $D\Phi(y)$ $\{y_{n}=0\}$ $x_{n}=\psi(|x’|)$
.
$\Phi^{-1}()$ $\Psi(\cdot)$ . $\epsilon\downarrow 0$ $\{\epsilon_{j}\}$ $Q_{j}:=$






. , $y’=(y_{1}, \ldots, y_{n-1})$ . ( ,
$w_{j}(z)=\tilde{v}_{j}(Q_{j}+\epsilon_{j}z)$ $z\in\overline{B_{\kappa/\epsilon_{j}}}$
. [ , $Q_{j}=(q_{j}’, \epsilon j\alpha j)(q_{j}’\in \mathrm{R}^{n-1}, \alpha_{j}>0)$ . $w_{j}$
$\sum_{k,\ell=1}^{n}a_{k,\ell}^{j}(z)\frac{\partial^{2}w_{j}}{\partial z_{k}\partial z_{\ell}}+\epsilon_{j}\sum_{k=1}^{n}\dot{\nu}_{k}(z)\frac{\partial w_{j}}{\partial z_{k}}$ –wj+u $=0$ (2.2)
$B_{\kappa/\epsilon_{j}}\backslash \{z_{n}=-\alpha_{j}\}$ . ,




$a_{k,\ell}(Q_{j}+\epsilon_{j}z)$ , $z\geq-\alpha_{j}$ ,
$(-1)^{\delta_{k,n}+\delta_{\ell.n}}a_{k,\ell}(q_{j}’+\epsilon_{j}z’, -\epsilon_{j}(\alpha_{j}+z_{n}))$, $z$ $\alpha_{j}$ ,
$\dot{\nu}_{k}(z):=\{$
$b_{k}(Q_{j}+\epsilon_{j}z)$ , $z_{\mathrm{n}}\geq\alpha_{j}$ ,
$(-1)^{\delta_{k,n}}b_{k}(q_{j}’+\epsilon_{j}z’, -\epsilon_{j}(\alpha_{j}+z_{n}))$, $z_{n}$ $\alpha_{j}$ ,
. $\delta_{i_{\dot{\theta}}}$ Kronecker . (2.2) effiptic
estimate , $w_{j}$ $C^{2}$
( $w_{j}$ ) , , $w$ (1.4)





, $w_{j}$ , $(0, \alpha_{j})$ $(0, -\alpha_{j})$
. , $w_{j}$ $r$ |
, , $w$ $C^{2}$
, ,
. , ( )
.
Step 3. M . ,
, Step 1, 2
, 2 , $\epsilon$ . $\epsilon$
,
. , $u_{j}$ $P_{j}$ , $P_{j}’$ ,
$|P_{j}-P_{j}’|/\epsilonarrow\infty$ . , $P_{j}$ Step 2
, $c_{\epsilon}$ .
$c_{\epsilon_{j}} \geq\epsilon_{j}^{n}\{\frac{1}{2}I(w)+C_{0}-C_{1}\epsilon_{j}\}$














$\epsilon^{2}\Delta w-(1-\frac{1}{2^{(p-1)}})w=0,$ in $B(x_{0}, r_{0})$
$w= \frac{1}{2}$ , on $\partial B(x_{0}, r_{0})$
(2.4)
$u_{\epsilon}\leq w$ in $B(x_{0}, r_{0})$ . $w$ Bessel
,
.
(iv) Theorem 12 .
Theore.m L2 $c_{\epsilon}$ . exact
,












$w_{*}(\Psi(x)/\epsilon)$ $x\in D$ ,
0else
(2.7)
. , $\Psi$ Theorem 1.1 diffeomorphism $\Phi$
, $D:=\Phi(B_{2\kappa}^{+})$ . $\varphi_{\epsilon}$ $c_{\epsilon}$ .
, $\varphi_{\epsilon}$ ground state solution
, “energy”
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. , $\dot{\varphi}_{\epsilon}$ $\Psi(x)$
. Ni and Takagi[9] $\cdot$ .
Theorem 13 , $\epsilon>\dot{0}$
$\mathrm{A}^{\mathrm{a}}$
. ,
. $u$ , $u=u_{0}$.
$+\phi$ ,






. , apriori $u_{0}+t\phi$




. $\epsilon>0$ , $\phi\equiv 0$ ,
.
3
, Gidas, Ni and Nirenberg[3] ,
, Dirichlet ,
? Ni and Wei [12] .
17
Theorem 3.1 (Ni and Wei [12]) $u_{\epsilon}$ (Neumann
). $\epsilon>0$ , $\mathrm{m}_{\frac{\mathrm{a}}{\Omega}}\mathrm{x}u_{\epsilon}(x)$
$Q_{\epsilon}$ , $Q_{\epsilon}\in \mathrm{I}\mathrm{n}\mathrm{t}$ $\Omega$ ,
$\lim_{\epsilon\downarrow 0}d(Q_{\epsilon}, \partial\Omega)=\max d(P, \partial\Omega)P\in\Omega^{\cdot}$
, .
Neumann , , Ni and
Takagi [11], Gui [2] . ,
.
Neumann
, , Wei [14] . Wei
, .
$p=(n+2)/(n-2)$ (critical case) , Palais-Smale
, maxmum point
. $1<p<(n+2)/(n-2)$ (subcritical case)
$\max_{\Omega}u_{\epsilon}arrow\infty(\epsilon\downarrow 0)$ (Ni, Pan and Takagi [8] ).
,
(i) , . ,
( peak )
.
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